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A probabilistic Markov model of reservoir state transitions is developed which, in combination with a
simulation model, offers a computational tool for estimating response surface gradients of water resources
planning problems. Use of the gradient estimation capability provides a substantial improvement in
efficiency of the search for improved water resources configurations. The estimation capability arises by
recognizing and using the reservoir state transition changes that would result from a modification of
decision variables. The procedure is highly flexible in that it functions under such complicated situations
as multiple-objective environments, nonlinear benefit loss functions, and complex connectivity of river

basin components.

The increasing demands being placed upon water resources
developments are requiring planners to identify allocations of
water between many, often conflicting, purposes. Plan selec-
tion must include the determination of the set of sizes and
operating policies for all reservoirs, irrigation areas, diver-
sions, hydroelectric power installations, etc., which is techni-
cally and politically feasible and which by some measure is
better than all alternative solutions. For a complex river basin,
with many interest groups and many potential development
alternatives, there may be a large number of feasible solutions,
and consequently the determination of the ‘best’ solutions or
configurations is a very difficult problem.

To create an environment for analyzing the feasible alterna-
tives, recourse has been made to systems analysis through the
use of mathematical models. However, successful application
of the available models has been seriously hampered by the
absence of an efficient means for estimating the gradient vector
of the response surface. This paper describes a model that fills
this need. The response surface gradient information provided
by the model will be seen to facilitate a much more rational
selection of solutions with improved responses and, in turn, to
provide a substantial improvement in effi¢iency of the search
for improved water resources configurations.

A MULTIPLICITY OF MODELS

Within the general basin-planning problem for surface wa-
ter developments, experience has demonstrated that no single
mathematical model is capable of simultaneously capturing a
complete description of the whole problem while maintaining
a closed-form analytic formulation. As a result, the usual
procedure has been to create several mathematical models,
each constructed to examine selected elements of the full prob-
lem with the net accumulated information eventually identi-
fying the best plan of development. The sophistication of the
mathematical models that have been employed in this task
varies greatly, the complexity being a function of the problem
addressed. Nevertheless, a generalization of the mathematical
models developed in the water resources field to date might
segment them into (1) screening models, (2) simulation mod-
els, and (3) other models such as sequencing models, dynamic
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policy models, econometric and accounting models. This pa-
per is concerned solely with screening and simulation models.

The worth of screening models arises since they both in-
corporate quantitative relationships between system variables
and generate optimal solutions as measured by an explicit
objective ranking of alternatives. Because of their analytic,
closed-form characteristics, screening models frequently pos-
sess the capability for generating many solutions for a small
price. However, an important shortcoming of screening mod-
els is the necessary set of assumptions and approximations that
is required to obtain an analytic form. Conversely, the second
group of mathematical models, simulation models, are more
flexible than screening models since they consist of a sequence
of mathematical and logical statements describing the size and
operation of the components of the system being modeled.

Simulation models have not been an effective means for
choosing or defining the optimum solutions because they do
not decide what should be done to achieve a given objective or
objectives. They allow only the evaluation of the economic or
physical response of the system to a particular set of decision
variables. Thus each run of the simulation model maps only
one set of decision variables into an economic response. In
principle, it should be possible to search the response surface
for the optimal configuration of decision variables. In practice,
this is almost never done because current procedures for in-
dicating how the search process should occur are inefficient.

This brief discussion has demonstrated that neither screen-
ing models nor simulation models offer, separately. a viable
capability to locate the optimal configurations. This suggests
that the role of systems analysis models in the planning process
should begin with the use of a screening model to locate good
feasible solutions and should be followed by an examination of
these and similar solutions by the simulation model. This
approach has recently begun to receive widespread acceptance
le.g., Grayman er al., 1971: McBean and Schaake, 1973: Jacoby
and Loucks, 1972].

The determination of similar solutions for analysis by the
simulation model is an important element in the search for the
optimal configurations. The intent in examining successive
solutions is to locate solutions with improved responses. A
successive trial-and-error search for solutions with improved
responses would be highly inefficient for a complex, multi-
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dimensional system: there is a need for an analytic framework
10 estimate the gradient of the response surface in the region of
the current set of decision variables. Response surface gradient
information would facilitate a much more rational selection of
<olutions with improved responses.

To derive the theoretical basis upon which a gradient es-
simator will be structured, it is useful to reflect upon certain
orobabilistic models of reservoir operation that have been
proposed in the literature. Notable early contributions of
probabilistic models were made by Moran [1955, 1959},
Prabhu [1938), Gani [1957), Gani and Moran {1955}, and Lang-
bein [1958]. These early analyses of the probabilistic behavior
of reservoirs attempted to work with the probability density
function for storage levels, reservoir inflows, and reservoir
outflows; but the analytical complexities of the problem pre-
vented the development of these techniques beyond the most

elementary stages. Later investigators recognized that the -

Monte Carlo techniques offered a simpler computational tool
for these complex dam problems, which consequently slowed
the pursuit of the probabilistic formulations. The result is that
the practical utility of the probabilistic models has never really
been established. o

Nevertheless, in a different application to the same problem
{i.e., in the search to determine the gradient of the response
surface) these early theoretical contributions offer a useful
framework. In other words, the prospect will be developed of
returning to the analytical statistical basis for a simulation
model to find a way to use the simulation results. It will then
he shown how a technique, called the ‘state-augmented
Markov analog,” is particularly well adapted to estimate the
gradient of the response surface.

THE GRADIENT ESTIMATOR

To establish the basis for the gradient estimator, it is first
necessary to briefly review specific elements of the probabilistic
models. Assume that the reservoir storage volume at a reser-
voir is discretized into N segments AS,, wherej =1, -+, N
and the jth storage segment is defined as AS; = S, — §,...
Given the marginal probability distribution of flows into the
reservoir during season i, f(X,), and the operating policy for
the reservoir during season I, there is some conditional proba-
nility P, that the reservoir, if it currently occupies state d, will
occupy state A after the transition of the ith season. The set of
conditional probabilities Pigy over all d and 4 form the storage
transition matrix Py

Multiplication of the transition matrix PPy =+ Pa,Py »--
demonstrates a continuous progression toward a matrix with
dentical rows [Hillier and Lieberman, 1967]. The net outcome,
if it is assumed that the system is stationary (i.e., the demands
v not growing in time and the streamflows are not more than
<« function of season), is the development of a terminal steady
“tate storage density function giving the vector of probabilities
Pil X N) of the reservoir being in any statej,j = 1, -+ -, ¥, at
the end of a specified time period.

Since the model implies a dependence strictly on only the
~revious storage level (i.e., the probability Pigs of being ina
state /is a function of d and not of previous storage levels), the
sssumption is implicit that successive storage levels behave as
+ single-lag Markov chain and that successive hydrologic in-
“ows are independent. This assumption of independence of
“uceessive inflows represents a principal reason for the lack of
“idespread acceptance of the probabilistic models.

More discussion of the effects of the independence assump-
won is delayed to a later section; a characteristic of more
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immediate concern is that the computed results from the
model specify Dirac delta functions at the zero and full states
of the reservoir to (1) deliver the release demand and (2) store
excess water in the reservoir for later use. Note that no infor-
mation is available from the model to indicate the degree of
failure; e.g., the severity of the shortfall of the release is un-
known.

To demonstrate how the model may be extended to provide
information regarding the severity of a failure, it is useful to
assume for discussion purposes that the reservoir is to be
operated in accord with the ‘normal operating rule,’ the essen-
tial features of which are documented in Figure 1. Consider
now a new storage variable S’ that may take on values less
than zero or greater than the reservoir capacity S, such that
the reservoir release is always equal to the release target Q,,
where i denotes the season. S’ is consequently defined over the
range —© < §' < « and represents an augmented form of §.

Associated with transitions of S’ from season to season is a
P..»' which identifies the probability of storage state transi-
tions from d to h, where d and % are now defined over N',
where N' > N.

A point that is worthy of clarification is the situation where
h, for example, corresponds to an S’ that is >5.. or <0. Itis
mandatory that a transition into and out of each state of
reservoir storage S’ be possible, and yet ‘negative storage’ is a
physical impossibility and only a mathematical rubric for iden-
tifying the system shortfall. Therefore if a transition d to A’
occurs in season / (where 4’ corresponds to 8’ < 0), then the
transition from A’ to some subsequent level 4"’ in season i + 1
assumes an initial storage level of zero. By such an action,
physical continuity is not violated in the reservoir transitions,
and yet information is retained that indicates the degree of
failure.

State transitions in the augmented transition matrix P/,
where P,/ = N’ X N’, are basically the same as those of P,,
only now instead of a transition to the zero storage state when -
the demands Q, exceed available water, the transition is made
to a negative storage. The terminal state & assumes a level
indicating the magnitude by which the actual release Y failed
to meet the target O, (measured in storage units). Association
with a short-term loss function [e.g.. Loucks, 1969] provides
the information necessary to attach a short-term benefit level
to any state in the augmented terminal steady state storage
density function P’ (1 X N').

The state-augmented form of the transition matrix is iffus-
trated in Figure 2, where, for example, a transition from "' to
d' implies a failure to provide the target release. The state-
augmented form of the transition matrix provides estimates of
the augmented, terminal steady state storage density function
f(§/) and, in turn. from continuity. estimates of the probabil-
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Fig. 2. State-augmented form of the transition matrix.

ity function of release f(¥,). The f(Y,) function can be related
to the benefits obtained at downstream use points.

It is important to note that the transition matrices P,/ are
representative of the reservoir transition behavior only for a
particular set of decision variables (i.e., for a specified reser-
voir capacity S, and release policy Q). There are, however,
two interesting features of the transition matrices’ P/: (1) they
retain a significant amount of the information generated dur-
ing the simulation run (accomplished by using the simulation
model during execution to identify the state transitions that
are entries in the matrices, the assumption being that the state
transitions identified by the simulation model are based on the
augmented storage vector described above); and (2) they are
shown to be amenable to modification to reflect the change in
system response associated with a marginally adjusted set of
decision variables. As a result, P, can be made to provide the
information necessary to examine the gradient of the response
surface.

To examine the mechanism for the estimation of the
gradient response, assume that the objective function is the
maximization of the weighted sum of expected net benefits, so
that, consistent with the normal operating rule, the weighted
sum of expected benefits during season i can be written as a
function of the available water, i.e.,

M
EB]l= Y w, f f 1S, X)-B..(S, X)dSdX (1)
m=1 S JX
where M is the number of objectives under consideration, W,,
is the weight associated with the mth objective (for a discussion
of *weight’ selection, see Cokon and Marks [1973]), f«(S, X) is
the joint density function of S and X for season i, Bin(S, X)is
the conditional benefit response to the mth objective given the
levels of X and S, and X is the hydrologic inflow to the
reservoir. Evaluation of the integration in (1) is the natural

function of the simulation model during its execution. The
derivation of f(S, X) from the density functions for the
streamflow variables involves a large number of integrations
which are implicit in the simulation model.

As a first step to develop the response surface gradient, the
effects of X may be integrated out of (1) by use of the simula-
tion model to leave ~ ‘

3
EKB) = 3 W, fs (Bm)( () dS - (2)
m=}l
where the angle brackets around B, indicate that it is an
average created by integrating over all X;,, where  runs from |
to T, T being the length of the simulation. In a finite state
equivalent, (2) can be written as

MM N
BBl = 2 Wa 3 Pu/(B.a)(BL)) ©)
m= 1=
where P,,’ is the terminal, or end-of-time period, steady state
storage distribution for season / and (Bim)XBlj) is the expected
benefit B during season i, conditional on the state-augmented
storage being in state j.
Rewriting (3) in vector form gives

E[(Bt)] = W<Bi)TPi' 4
where (B)T denotes the transpose of (B,).

Assume that the set of decision variables subject to potential
marginal adjustment is summarized in some vector Z as per

E[BNZ)] = WB)(Z2)P/(Z) (5)

The expected benefits computed from (5) will provide a value
identical to the value that is computed by the simulation model
(if the simulation results were discretized in a similar fashion).
To evaluate the gradient of the response surface in the region




MCBEAN AND SCHAAKE: RESPONSE SURFACE ESTIMATION

of Z, the problem is to derive the change in weighted sum of
expected net benefits for some Z + AZ. The marginal change
in the expected benefits may be written as

E[BXZ + AZ)] = WB)T(Z + AZ) - P/(Z + AZ)  (6)

where a circumflex is employed since the value is only an
estimate. Two of the right-hand side terms can be written as

BIT(Z + AZ) = (B)T(Z) + ABY(Z + AZ) )

and
P/(Z + AZ) = P/(Z) + AP/(Z + AZ) 3)
By substituting (7) and (8) into (6) and neglecting the higher-

order product of the two difference terms (which argues for’

keeping AZ small), the change in weighted sum of expected
benefits can-be written as

E[ABY] = W - [AB)(Z + AZ)-P/(Z)
+ (B)T(Z) - AP/Z + AZ)]  (9)

Similarly, the marginal change in costs (e.g., due to adjustment
in reservoir capacity) can be computed as the dlﬁ'erence in the
equivalent annual cost level Ac as

=W- [«Z + AZ) - c(Z)]

and so the change in weighted sum of expected net benefits can
be written as S
. N
E[AN(B)] = 2_ E[A(B) — Ac
i=1 i >
One alternative for estimating E[AN(B))] would be to employ a
univariate search a la Beard [1967], where the procedure would
involve use of the simulation model for Z and then for Z +
AZ. This procedure would provide the necessary information
but only at the price of substantial computational expenditure.
An alternative, however, is to utilize the simulation model for
Z and, during execution, to construct the transition imatrices
P,/. The discussion below will identify how P,/ may then be
adjusted to reflect the marginally adjusted set of decision vari-
ables Z + AZ and to allow computation of the modified
weighted sum of the change in expected net benefits of (11).
Implementation of these ideas can be traced as follows. The
simulation model is utilized in a normal simulation context for
Z but with the additional characteristic that it simultaneously
integrates over X, for all i, ¢ to provide P/ for all  for Z. For
evaluation of Z + AZ it is possible to modify P/ for all |
matrices to develop estimates of f(S’) corresponding to the
modified set of decision variables. A séries of simple al-
gorithms can be programed into the computer to appropri-
ately modify P, for, for example, (1) an incremental adjust-
ment of release level O, to Q; — 80, (e.g., to reflect a decreased
size of a downstream demand point) and (2) an incremental
adjustment of reservoir capacity Sm to S, + 65, which can be
handled by reflecting the effect of a modified size of P, within
P. The release adjustment would change the probability of a
transition from a state j to a state d to a different transition,
say, j to &', where &’ > d (i.e., the reservoir would contain a
larger amount of water in storage at the end of the time period
due to the decreased demand level). (A range of policies more
complex than the normal operating rule would experience a
more involved adjustment to the transition matrix but may be
handled. An expanded discussion is given by McBean and
Schaake [1973).)
Given the adjusted form of the transition matrix, the storage

(10\);;

an
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density function for the revised set of decision variables is
generated, which is an important element in determination of
the change in the weighted sum of expected net benefits as
computed by E[AN(B)] in (11). The evaluations of the other
terms in (11) (i.e., the conditional benefit function and the
change in conditional benefit function) are necessarily prob-
lem dependent but are available from the simulation model.
The determination of E[AN(B,)] provides an estimate of the
magnitude of the gradient of the response surface in one vector
direction in the region of the current set of decision variables.

. The gradient information over n directions, where n denotes

the total number of variables susceptible to potential adjust-
ment, can be accomplished by similar adjustments and appli-
cation of the analog. Note that with use of the analog the
simulation model need not be rerun to determine the best
direction of movement; instead only interesting subanalyses
employing the analog need be done.

The use of the analog in conjunction with a simulation
model is summarized in Figure 3. '

INTRODUCTION TO AN EXAMPLE PROBLEM

To test the abilities of the analog in an application, a simple

" two-season basin development problem of a reservoir and

downstream irrigation area was created to isolate many of the
interesting issues. The hydrologic inflow to the system, X, was
purposely chosen to relate to real world experience. A histori-
cal time series of 42 years of hydrologic flows was selected
from the Pichi Mahuida gaging station on the Rio-Colorado,
Argentina. Synthetically generated flows were used in the sub-
sequent analyses.

The reservoir will be assumed to follow the normal oper-
ating rule, where it may, if required, be constructed. to store
water in excess of current irrigation requirements for use later
when the supply of water in the stream is less than the irriga-
tion requirements. The irrigation requirements are highly sea-
sonal, the first season corresponding to winter {and con-

———————-[ RUN SIMULATION MODEL

COMPUTE
P, FORALL i

COMPUTE GRADIENTS OF
RESPONSE SURFACE

IN DECISION VARIABLES
IMPROVE RESPONSE

sTOP

CHANGE APPROPRIATE
DECISION VARIABLE

Fig. 3. Summary of analog use in conjunction with the simulation

model.
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sequently irrigation flow requirements being small and taken
as zero) and the second season being the growing season.

Assume that the objectives of interest are limited to national
income and regional income. National income benefits and
costs are to be determined in accord with the usual procedures
for the national income account [Major, 1969]. The regional
costs and benefits depend upon the cost-sharing arrangements;
assume that the region will receive 75% of the irrigation bene-
fits and will be required to pay only 25% of the dam costs.
Accordingly, national income net benefits and regional income
net benefits may be computed for each alternative.

A simple deterministic continuous screening model was used
to provide initial estimates of the transformation surface, as is
illustrated in Figure 4. Upon experimentation with the simula-
tion model the net benefits for these alternatives were found to
be much less than predicted by the screening model. This
suggests that other alternatives exist which may give more
reliable system operation and, possibly, greater net benefits
than the alternatives proposed by the screening model.

Applying the simulation model to the design alternatives
suggested by the screening model indicated the results depicted
in Figure 5. The divergence between net benefits as computed
by the simulation and screening models is very sizable indeed.

The difficulty is now one of determining the appropriate
adjustments in decision variables to improve the system per-
formance. To create a forum for the successive marginal gnaly-
sis procedure, the response surfaces for a series of different
weighting functions were analyzed on a uniform grid basis
over the range of interesting sets of alternatives by the simula-
tion model. The analog and search procedures were then ap-
plied to a set of weighted objective functions. Two examples of
this successive search procedure are indicated in Figures 6 and

The variable levels corresponding to the optimal solution
for each set of weights are seen to be considerably different
from those suggested by the screening model.- For example, in
weight set b (Figure 6) the maximum net benefit ¢’ occurs for
an alternative [4'] in which no dam is built, but the size of the
irrigation area is smaller than in alternative [4]. This shows
that greater net benefits can be obtained from more reliable
operation of the irrigated area. Further, for weight set ¢ (Fig-
ure 7) the variable set moved the complete spectrum from a
very large reservoir to no reservoir construction at all.

The optimal solutions from the simulation model for the
various weights are points on the net benefit transformation
surface. If the range of weights are assumed to be sufficiently

500 s CONTOUR OF ,
CBIECTIVE FUNCTIONS ————V"‘\ b
CORRESPONDING TO WEIGHTS | \.<-/ v - SOLUTION FOR
N || WEIGHTS o AND b
W 400 .
3 "\% \ X
(_3) % \\\\\\‘i
~, 300[— NS =
% N\ e
Q ¥\ sowrion For
2 200 - W weioHTs ¢, d,
z . TRANSFORMATION \\ || /ano o
CURVE AS SEEN N y
BY SCREENING B
MODEL
100 fr—mme -_\\
e\
. fhat
0 200 400 600 800 1000 1200 1400
REGIONAL INCOME
Fig. 4. Net benefil transformation curve, as seen by the screening

model.

A NET BENEFT TRANSFORMAT ION
o [ SURFACE (ACCORDING TD
Ve / THE SCREENING MODEL}

- \ !
- i
P ;
e i
7
-~
rd

/
A
)

300

n
o]
=]

7

INCOME

/

-
~
LOCATION OF

MODEL ™}
NET BENEFIT ___, e 7~
TRANSFORMATION re il

100 |70 THE Smation_|" e
MODEL NOTE: THIS IS NOT NECESSARILY THE NET
BENEFIT TRANSFORMATION SURFACE
l V ACCORDING TO THE SIMULATION MODEL
-200 | { ! 1 AI !
400 600 800 1000 1200 1400
REGIONAL INCOME

8

P

[=]

NATIONAL

Fig. 5. Simulation model evaluation of the alternatives on the

screening model net benefit transformation surface.

varied, the points on the surface are sufficient markers to allow
curves to be traced through to describe the complete net bene-
fit transformation surfaces as seen by the screening model and
the simulation model, the latter being a good estimate of the

" true surface. The simulation model net benefit transformation

surface is presented in Figure 8.

MARGINAL ANALYSIS OF A MULTIRESERVOIR SYSTEM

The analytic capabilities discussed previously are useful in
analyzing the marginal analysis questions at only a single
reservoir and the decision variables associated with that reser-
voir (e.g., the release level O, which reflects the needs of an
irrigation area downstream of the reservoir). The practical
usefulness of the analog depends, however, on whether the
gradient estimation procedure is applicable to complex basin
problems in which there are a series of reservoirs and use
points. The principal complicating aspect of complex basins
enters because the inflow pattern to a reservoir is a con-
sequence of any upstream flow regulation. This regulation
depends on the operation and capacity of further upstream
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reservoirs, the withdrawal demands for intermediary points of
use (e.g., irrigation areas), and the allocation pohcy for water
distribution.

The necessary extension to apply the analog to the complex
basin problem is the recognition of the connectivity effects that
adjustments in decision variables at a reservoir have in terms
of modifying the inflow distribution to downstream reservoirs.
The discussion below will indicate how the analog can reflect
many of the important elements in this interconnectivity with-
out either an excessive computational burden or excessive
storage requirements when it is applied to the complex basin
problem. The exponential increases in computation and stor-
age experienced with screening models [Loucks, 1969] are
avoided in the analog because the complex system can be
broken into discrete segments.

To establish a notational convention, assume that a comp]ex
basin consists of K reservoirs connected in series, where the
reservoirs are numbered k = 1, 2, , K by starting at the
bottom of the system. Associated with each reservoir k there
are assumed to be a number of use points UP, (where 0 <
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UP,) that are downstream from k but upstream from k — |
The kth reservoir and its UP, are classified henceforth as the
kth segment. The extension of the conditional benefit response
computation from the single downstream use point of the
previous section to include the effects of all the use points
downstream from k but upstream from & — | is straight-
forward once an allocation policy is established.

The need for an allocation policy arises when the sum of
target demands exceeds the supply and a policy for distrib-
uting the available water between the demand points is re-
quired. There are many possible forms of the allocation policy
(e.g., it can equalize the deficit or percentage of deficits to all
points, allocate the water to locations with the highest mar-
ginal benefits, or allocate the water to uses on the basis of a

“system of priorities or water rights seniorities). The allocation

policy must reflect the demands downstream of k — 1, since a
benefit is associated with use of the release from k that be-
comes inflow to k — 1. As this is, in essence, a transfer of water
from segment k to segment k — 1, the expected benefit asso-
ciated with the downstream use of the inflow to & — 1 will be
considered as a transfer payment and denoted by T,.

A generalization of the weighted sum of expected bénefit

‘computation for the kth segment becomes, in vector notation,

E[Bi] —W(Bkz>T P, +W Tw gt (D)

‘ where T in its present form is the expected beneﬁts of dowm

stream use of the water released from k during season i and the
other terms are as used above. To demonstrate the évaluation

“of (12), consider the following example discussion of an ad-

justment in decision variable 6Q,; at reservoir k. The marginal
change in benefits at the use points UP, can be evaluated as
discussed earlier, given the allocdtion policy. The marginal
change in transfer benefit AT,; can be evaluated by recogniz-
ing the altered inflow pattern to k — 1 and therefore the
adjustment in available water for meeting targets downstream
of k — 1. If an incremental change in release policy in season /,
804, simply created an adjusted inflow to 'k — 1 of some
quantity 8X,., ., evaluation of AT,, would be relatively simple,
since it would equal the marginal value of an additional in-
crement of water. This approach to the problem would be
incorréct because hydrologic variability creates shortages and
surpluses in the delivered flow, the implication being thdt 5Q.,
is not always released. However, the appropriate effects can be’
captured within the analog for a change 6Q.;, since the modifi-
cations in terminal storage density function indicate the modi-
fied pattern of actual releases due to the change in release
policy. Thus when P, is modified to reftect Q,;, the modified
release pattern is available. This information. in combination
with the allocation policy, allows computation of the adjusted
inflow pattern to k& — 1.

To translate the adjustment effects to AT,. consider the
response at k — 1. In continuous form, (1) related the expected
benefits.at k — | as

E[Bi] = foSBk_,(s, Nf(Seors Xoo) dS dX (13)

(The subscript k& — | has now been retained to associate the
benefits with the k& — 1| segment.) Instead of being used to
integrate out the effects of X, the simulation model could be
utilized to integrate out the effects of S to leave

E[(B:1 )] = /; {Bro XD X2)) dX (14)




398 MCBEAN AND SCHAAKE: RESPONSE SURFACE ESTIMATION

where (B, )XX) now denotes the conditional annual benefit
given the level X,_, and the double angle brackets around
({8, arises because the averaging process has been invoked
for all S.

In discrete form, (14) becomes

ET(Br-N] = W(B_ )Py (15)

where Py, represents the discrete form of the marginal den-
sity of inflows to reservoir k — 1 and (B,.,) represents the
discrete form of the benefit that is conditional on the level of
inflow. The marginal net benefit change for the ith season, the
higher-order product of the two difference terms being ne-
glected, becomes

E[A{Br_ )] = W'A«Bk—l.t»?‘Pk—l,l' R
; . + W'«qu.i»T'APkfx‘i' (l6)

In a manner similar to that used for the modification of Peori
to reflect adjustments in the release policy and the storage size,
it is equally possible to modify P,_,; to reflect an adjusted
inflow pattern. If independence between any S,_,, and
Xe-1.e41 I8 assumed (as is implicit in the analog), an adjustment
APy.14,5.010 Py_y,,4 is identical to the appropriate modifica-
tion APy 1y ira+e1 10 Pe_yyjera+d (assuming that the sizes
ASy1y and AS,_, ., are identical). (The assumption of
independence, i.e., f(S, X) = f(X)f(S), is not essential if the
nature of the correlation can be translated into the effect of
modifying X,_, at various levels of S,_,". This assumption,
however, represents. an algorithm that can be easily in-
corporated into an internal set of computer program com-
mands.) The above result follows directly from the continuity
equation. . E

The modified transition matrix creates the corresponding
aitered terminal storage condition at & — [ which, in turn, can
be related to an adjustment in net benefits ATy, . due to the
.adjusted inflow pattern. With this capability, estimates for all
necessary variables are available for computation of the ex-
pected change in benefits at & due to the decision variable
adjustment as per y

E[—\‘;B“kt‘}} = W-[AB,)T - Py
+ (BM)T ‘ Apm + ATM] (17)

It is worthy of mention that there is no restriction in the

gradient estimator that stipulates that only reservoirs con-
nected in series can be analyzed. In other words, the analysis of
reservoirs connected in parallel may be included (although the
model cannot recognize joint operation in a short-term pol-
icy).

The method of solution of the complex basin problem de-
scribed above necessitates knowledge of the activity in segment
k = 1 prior to solution at k due to the need for AT,,. Since
AT. = 0 for the segment k = 1 (there are no segments
downstream), the logical position to commence evaluation of
the marginal analysis equations is at the bottom of the system.
Successive computations may then simply work upstream.

Note that with the use of the analog a single run of the
simulation model is sufficient to construct the transition ma-
trices: subsequent analyses to determine the weighted sum of
the marginal changes in net benefits for adjustments in the
decision variables may be done entirely within the analog
framework. Thus the analog provides a rational procedure for
successive search of a complex multiobjective response sur-
face. Information from the analog alone does not lead to the
optimal solution but simply indicates the direction of a better

solution set. Therefore the analog must be used in combina-
tion with a search technique to move in a sequence of steps, or
simulation experiments, toward better or improved alterna-
tives. The main contribution of this work then is to advance
the computational capability for estimating response surface
gradients so that existing search procedures can, in fact, be
used.

SUMMARY

No single computer model can encompass all of the impor-
tant issues implicit in the design of a water resources devel-
opment plan, and so recourse in planning problems has been
made to use of a series of computer models. The available
models, however, have lacked a formal methodology for effi-
ciently utilizing information gained from previous use of the
models. One of the principal reasons for this has been the
absence of an efficient means for estimating the gradient vector
of the response surface. This paper has presented a procedure
to compute the gradient through use of a probabilistic Markov
model that modified the reservoir state transition probabilities
as a fuhction of the adjustment of the decision variables. The
gradient estimators provided the necessary marginal analysis
adjustments to develop the transformation surface in a mul-
tiple-objective environment.
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