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Spatial distribution of imperviousness and the space‐time
variability of rainfall, runoff generation, and routing
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[1] We study the relationship between the spatial distribution of imperviousness and the
space‐time variability of rainfall, runoff generation, and hydrologic response. For this
study we follow an analytical framework that is able to represent space‐time variability
and use it to determine relationships for quantities commonly used in hydrology, for
example, the amount of rainfall excess, the total runoff from a storm, the runoff ratio of
developed land use to undeveloped land use, and the mean time and variance of the runoff
time. The relationships are derived such that the space‐time variability of rainfall, runoff,
and the hydrologic response, and their relative importance, can be identified and
compared. In addition, the method allows the separation of pervious and impervious
contributions to runoff and the estimation of their relative influence on the hydrologic
response. We illustrate the estimation of the relationships from available data and apply
them to two cases. In the first case, the space‐time variability of rainfall and its interaction
with impervious cover is investigated. In the second case, we examine the impacts of the
imperviousness pattern on runoff relationships. We find that the imperviousness and
rainfall pattern can interact to either increase or decrease the average amount of rainfall
excess. We also find that the influence of pervious and impervious contributions on the
response can depend on the form of the overall imperviousness pattern. The proposed
framework can be a useful tool for identifying the importance of different space‐time
hydrologic components in mixed pervious‐impervious landscapes.

Citation: Mejía, A. I., and G. E. Moglen (2010), Spatial distribution of imperviousness and the space‐time variability of rainfall,
runoff generation, and routing, Water Resour. Res., 46, W07509, doi:10.1029/2009WR008568.

1. Introduction

[2] The increase of suburban growth, often referred to as
sprawl, and its impact on water resources is becoming an
important concern [Schueler, 1994; Johnson, 2001; McCuen,
2003; DeFries and Eshleman, 2004; Environmental
Protection Agency (EPA), 2004; U.S. Environmental
Protection Agency (EPA), 2006; Irwin and Bockstael, 2007;
Moglen, 2009]. In the United States, for example, urban
sprawl has led several states to consider and implement new
zoning regulations [EPA, 2004; U.S. EPA, 2006; Irwin and
Bockstael, 2007]. A distinctive characteristic of sprawl is the
spreading of impervious cover throughout the land surface,
producing areas characterized by a mixed pervious and
impervious land use. These mixed land use areas tend to
have a relatively small population density but sufficient
amounts of imperviousness from roads, rooftops, parking
lots, and other urban surfaces to cause environmental impacts
[Leopold, 1968; Schueler, 1994; Johnson, 2001; Morgan
and Cushman, 2005; Walsh et al., 2005]. To mitigate some
the impacts of sprawl, new zoning regulations tend to empha-
size the clustering of imperviousness [EPA, 2004; U.S. EPA,

2006]. The clustering of imperviousness is becoming a
popular policy instrument because it is thought to be benefi-
cial to the environment and particularly to water resources
[EPA, 2004; U.S. EPA, 2006]. The benefits to water resources
are often addressed qualitatively or, when quantified, they
are done in detachment from hydrologic processes, the space‐
time variability of these processes, and watershed scale.
Watershed scale is understood as the size of the watershed,
and in this case it is taken as encompassing the possible
range of drainage areas from channel initiation to the main
watershed outlet within a single watershed.
[3] The concept that the spatial form of imperviousness

(i.e., clustering or spreading) can be regulated and managed
to reduce impacts led us to consider how the spatial distri-
bution of imperviousness across the watershed interacts with
the space‐time variability of hydrologic processes. Nor-
mally, imperviousness is lumped into a few categories (e.g.,
high‐ and low‐density residential) and analyzed at the hill-
slope scale because this is typically the scale of individual
residential development. Thus, we decided to study this
interaction by including the space‐time variability of rainfall,
runoff generation, and hydrologic response. The space‐time
variability of hydrologic processes at the watershed scale
has been studied and analyzed for a range of conditions
[Rinaldo et al., 1991;Woods and Sivapalan, 1999;Menabde
and Sivapalan, 2001; Segond et al., 2007; Nicótina et al.,
2008]. For instance, the role of the space‐time pattern of
rainfall on hydrologic response has been investigated by
various researchers [Menabde and Sivapalan, 2001; Segond
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et al., 2007; Nicótina et al., 2008]. Variability in the
hydrologic response has been studied extensively using the
theory of the geomorphologic unit hydrograph [Rinaldo et
al., 1991; Saco and Kumar, 2004; Moussa, 2008]. The
space‐time variability of data and processes for urbanized
watersheds has been studied little and typically is done as an
indirect consequence of the requirements of rainfall‐runoff
models where the relationship between the different sources
of variability cannot be identified as clearly or is difficult to
decipher [Niehoff et al., 2002; Hundecha and Bárdossy,
2004].
[4] An attractive approach for investigating the behavior

of the space‐time variability of hydrologic processes is to
use fully distributed physical models. The application of
distributed models is complicated by the uncertainty of
required input data, the identifiability of parameters, and the
need to select the proper level of model complexity
[Grayson et al., 1992]. As an alternative, and to support the
development of more detailed models, Woods and
Sivapalan [1999] proposed an analytical framework to
synthesize the complexity of space‐time variations in
hydrologic data and processes.
[5] For this investigation we build on the analytical

framework of Woods and Sivapalan [1999] by including the
spatial distribution of imperviousness. The framework is
based on the simplifying assumption of the space‐time
separability of rainfall and the runoff generation function
[Eagleson, 1967; Sivapalan and Wood, 1987; Woods and
Sivapalan, 1999], as well as any specific assumptions
made about the hydrologic processes. The method allows
the analytical expression of the space‐time variability of
rainfall, runoff, and hydrologic response such that these
space‐time variabilities can be tracked and compared when
estimating useful hydrologic relationships [Woods and
Sivapalan, 1999]. The method in this case is also used to
gain insight into the role of the imperviousness pattern by
providing a basis for comparing scenarios and identifying
dominant controls. To present the method, we first identify
and describe the space‐time variability of the data and
processes. We then develop the analytical approach and
determine hydrologic relationships based on the space‐time
variability identified. Finally, we use the relationships to
study the role of the spatial distribution of imperviousness.

2. Space‐Time Variabilities from Pervious and
Impervious Areas

[6] We are interested in relating the space‐time compo-
nents of rainfall, runoff, and the routing process to the
spatial distribution of imperviousness. To achieve this goal,
we express the space‐time variability of runoff, R(x,y,t) [L
T−1], with an equation useful to define the generated runoff
into pervious and impervious contributions. This definition
allows us to track these two sources of runoff and compare
their relative contributions as shown later. Specifically we
have the following:

Rðx; y; tÞ ¼ Pðx; y; tÞW ðx; y; tÞ½1� Iðx; yÞ� þ Pðx; y; tÞIðx; yÞ: ð1Þ

The first term in (1) is the runoff generated from pervious
areas, R(x,y,t)p, where saturation or infiltration excess occurs,
and the last term is the runoff from impervious areas or the

impervious fraction of individual cells, R(x,y,t)i. In the
remainder of this paper, we use the subscript p to refer to
pervious areas and i for impervious ones. P(x,y,t) [L T−1] is
the rainfall field, W(x,y,t) is the runoff generation function
field, and I(x,y) is the imperviousness pattern and assumes
values specified in section 2.1. The x, y coordinates identify
the location where the variable is being estimated and t is the
time during the storm event. We discretize the watershed
into a grid of regular squares such that x, y represents the
different cells in the grid. W(x,y,t) is the fraction of rainfall
that becomes runoff at a given cell; it can take a value
ranging from 0 to 1, where 0 means all the rainfall on a
given x, y cell at time t infiltrates and 1 means all the rainfall
becomes runoff. In practice, the runoff generation function
can be determined by various methods, such as an infiltra-
tion equation, a topographic index, or a curve number, as
long as the runoff is properly normalized to be between 0 and
1 [Philip, 1960; Beven and Kirkby, 1979;National Resources
Conservation Service (NRCS), 1986]. Equation (1) assumes
all the rainfall falling on impervious areas becomes runoff,
which can be a reasonable assumption for connected imper-
viousness. To study how the space‐time variability ofP(x,y,t),
W(x,y,t), and the spatial I(x,y) pattern contribute to runoff, we
assume they can be separated into multiplicative space and
time processes [Eagleson, 1967; Woods and Sivapalan,
1999]. The way these processes are separated is discussed
in section 2.1.

2.1. Rainfall and Runoff Generation Variability

[7] Using the separability assumption, the rainfall field P
(x,y,t) can be represented by independent space, Pt(x,y) [ ],
and time variations, Px,y(t) [L T−1], such that [Eagleson,
1967; Woods and Sivapalan, 1999]

Pðx; y; tÞ ¼ Px;yðtÞPtðx; yÞ; ð2Þ

where Px,y(t) is the instantaneous areal‐averaged rainfall and
equal to

Px;yðtÞ ¼ 1

A

ZZ
A
Pðx; y; tÞ dx dy; ð3Þ

where A [L2] is the drainage area of the watershed under
consideration, which results from integrating the local area
of each x,y cell over the watershed; Pt(x,y) is the spatial
pattern of rainfall determined by dividing the total rainfall
falling on every grid cell in the watershed by the total
average rainfall falling over the entire watershed for a given
storm event such that

Ptðx; yÞ ¼
R Ts
0 Pðx; y; tÞ dtR Ts
0 Px;yðtÞ dt

; ð4Þ

where Ts [T] is the storm duration, assuming the time at the
start of the storm is 0. A similar assumption is made for the
space and time variations of the runoff generation function
such that

W ðx; y; tÞ ¼ Wx;yðtÞWtðx; yÞ; ð5Þ
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whereWx,y(t) is the areal‐averaged value ofW, determined as

Wx;yðtÞ ¼ 1

A

ZZ
A
W ðx; y; tÞ dx dy; ð6Þ

andWt(x,y) is the spatial pattern of runoff generation function
and estimated similarly to (4) as follows:

Wtðx; yÞ ¼
R Ts
0 W ðx; y; tÞ dtR Ts
0 Wx;yðtÞ dt

: ð7Þ

[8] It is important to notice that W is amenable to the
representation of impervious data derived from remote
sensing [Homer et al., 2007]. These data represent the
amount of imperviousness on each grid cell as a continuous
value between 0 and 1. Assuming the imperviousness pattern
is constant in time, the space and time variations for I(x,y) are
as follows:

Itðx; yÞ ¼ Iðx; yÞ
f

ð8Þ

and

Ix;yðtÞ ¼ f ; ð9Þ

where f is the total fraction of imperviousness in the water-
shed and equal to

f ¼ 1

A

ZZ
A
Iðx; yÞ dx dy: ð10Þ

Even though I(x,y) is only a function of space, we retain the
notation in equation (8) to refer to the normalized I(x,y) value.

2.2. Runoff Routing Variability

[9] The variability associated with the hydrologic response
is quantified using the mean and variance of the travel times
assuming a Geomorphic Instantaneous Unit Hydrograph
(GIUH) approach [Rinaldo and Rodríguez‐Iturbe, 1996;
Rodríguez‐Iturbe and Rinaldo, 1997]. This approach has
been shown to be useful for suburban watersheds [Olivera
and Maidment, 1999; Smith et al., 2005]. The estimation of
the response to the rainfall excess generated over a hillslope
in a location k along the stream network can be expressed as
follows [Rinaldo and Rodríguez‐Iturbe, 1996]:

QkðtÞ ¼
X
�2G

Z t

0

Rx;yð�Þ*pð�Þf�ðt � �Þ d�; ð11Þ

where Rx,y(t) is the time component of the runoff generation
process. The exact way in which Rx,y(t) is estimated is shown
in section 3. The variable p(g) is the likelihood of a given
path g to carry water to the outlet, and fg(t) is the path
response function [Rinaldo and Rodríguez‐Iturbe, 1996].

Every cell in the discretized watershed, or upstream from k, is
assumed to be a possible path. We assume fg(t) to include
both hillslope and channel sections of a path and to be re-
presented by an inverse Gaussian probability density function
[Mesa and Mifflin, 1986; Rinaldo and Rodríguez‐Iturbe,
1996]. We assume p(g) to be equal to

pð�Þ ¼ Rtðx; yÞRR
A Rtðx; yÞ dx dy ; ð12Þ

where Rt(x,y) is the spatial pattern of runoff and its estimation
is shown in section 3. Equation (12) is divided by the total
value of Rt(x,y) to ensure the sum of all p(g) is 1. In (12) it is
assumed that the likelihood of a path is proportional to the
time‐averaged fraction of runoff generated at a given location
in the watershed. While other expressions have been used for
(12) [Rinaldo et al., 1991; Olivera and Maidment, 1999;
Nicótina et al., 2008], we chose this one because it can
include the effects of imperviousness in a simple but direct
manner. We also assume that the trajectory of both pervious
and impervious paths follows the topographic gradient. In the
absence of detailed stormwater data, this simplification seems
reasonable. To determine the mean and variance of the travel
times we use the equations previously derived by Rinaldo et
al. [1991], and we track the runoff from pervious and
impervious cells to separate the mean and variance of the
travel times into pervious and impervious times. This sepa-
ration is a simple way to measure the relative effects of per-
vious and impervious areas on the response. The mean travel
time for impervious surfaces is determined as follows
[Rinaldo et al., 1991; Saco and Kumar, 2002]:

E½Tb�i ¼
X
�2Gi

pð�ÞL�
u�

; ð13Þ

where Tb [T] is the travel time after accounting for all the
possible paths in the watershed; Lg [L] and ug [L/T] are the
path‐dependent length and wave celerity, respectively; and G
is the set of all possible paths. The subscript i in equation (13)
indicates runoff that originated from impervious areas; it can
be replaced by the subscript p to obtain an expression for
pervious surfaces. The total expected travel time for the
watershed is

E½Tb� ¼ E½Tb�i þ E½Tb�p: ð14Þ

To estimate the variance of the travel times we use the fol-
lowing expression but separate the variance according to
runoff from pervious and impervious surfaces:

VarðTbÞi ¼ 2
X
�2Gi

pð�Þ L�D�

u3�
þ

X
�2Gi

pð�Þ L�
u�

� �2

�
X
�2Gi

pð�ÞL�
u�

" #2

�
X
�2Gi

pð�ÞL�
u�

" #"X
�2Gp

pð�ÞL�
u�

#
; ð15Þ

Figure 1. (a) Spatial distribution of rainfall (cm/h) for the 21 March 2001 storm; (b) Pt(x,y) pattern, obtained using
equation (6); and (c) map illustrating the NW Branch watershed, including the stream network and the imperviousness
pattern. The black dot indicates the location of the main outlet.
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where Var(Tb)i indicates that equation (15) is for the imper-
vious portion of the watershed and Dg [L2/T] is the path‐
dependent dispersion coefficient. By substituting the subscript
i above for p, a similar expression for the variance of the
pervious portion of the watershed, Var(Tb)p, can be obtained.
The variance of the travel times measures the spread of the
response [Rinaldo et al., 1991; Saco and Kumar, 2004]. The
usefulness of the variance is demonstrated in section 5.2,
where it is used to define the peakedness of the response.
Additionally, it is possible to separate the terms in (15) into
geomorphologic, kinematic, and hydrodynamic dispersions,
which have been shown to be very useful for studying the
response of watersheds under various conditions [Rinaldo et
al., 1991; Saco and Kumar, 2002, 2004; Nicótina et al.,
2008]. The total variance of the travel times from pervious
and impervious surfaces is as follows:

VarðTbÞ ¼ VarðTbÞi þ VarðTbÞp: ð16Þ

Equations (14) and (16) can be compared to a time of con-
centration and the response duration, respectively [Woods and
Sivapalan, 1999; Saco and Kumar, 2004]. They are useful
because they provide a simple analytical way of explaining
the influence of imperviousness on the hydrologic response.

3. Data

[10] To illustrate the application of the proposed method
we selected the Northwest Branch of the Anacostia River
watershed (NW Branch) located in the Maryland Piedmont
physiographic region. The watershed is characterized by a
suburban pattern where the main land use categories are
pervious forested and grassed areas and impervious resi-
dential developments with mixtures of pervious and imper-
vious areas. The watershed has a drainage area of 124 km2,
of which approximately 17% is impervious. The density of
imperviousness in the watershed tends to increase as one
moves from the most upstream areas toward the overall
watershed outlet. Figure 1c illustrates the imperviousness
distribution in the watershed. To represent imperviousness
we used the National Land Cover Database (NLCD) 2001,
which is derived from remotely sensed data [U.S. Geological
Survey (USGS), 2008b]. For the rainfall we used Next Gen-
eration Weather Radar (NEXRAD) Stage III radar data
[NOAA, 2008]. The NLDC data represent imperviousness
using a grid scheme with cells having values that range from
0 to 1, where 0 is a fully pervious cell and 1 is fully
impervious. The NEXRAD data have a time resolution of
1 h and a space resolution of approximately 4 km. To
interpolate the rainfall, we used an inverse squared distance
weighting scheme, which was found to be applicable [Smith
et al., 2005]. The digital elevation model data were obtained
from the USGS [USGS, 2008a]. Figure 1a shows the storm
event chosen to illustrate the application of the method.
Figure 1b is the spatial pattern of Pt(x,y), obtained using
equation (4). The spatial pattern in Figure 1b resembles
several of the individual hourly spatial patterns in Figure 1a.
It resembles the patterns that contribute the most rainfall and
it captures the main spatial characteristics of the storm event.
For this storm, most of the rainfall falls on the upper areas of
the watershed relative to the areas near the main outlet.

[11] To estimate the runoff generation function W(x,y,t),
we used a simple event model (e.g., for a practical appli-
cation see Troch et al. [1994]). The model uses a topo-
graphic index and Philip’s infiltration equation to estimate
the generated runoff during a storm event on a cell by cell
basis [Philip, 1960; Beven and Kirkby, 1979]. The generated
runoff on cell x,y at time t is normalized by the rain falling
on the cell to obtain a value between 0 and 1 for W(x,y,t).
Additionally, the imperviousness in the NW Branch water-
shed is mostly connected and the effects from best man-
agement practices are minimal as assumed by equation (1).
The parameters used to determine the runoff generation
function in equation (5) and the mean and variance of the
travel times in equations (13) and (15), respectively, were
obtained from a previous modeling study [Mejía, 2009].

4. Space‐Time Relationships for Pervious‐
Impervious Areas

[12] In this section we use the separation and estimation
of variations in rainfall, runoff, and routing presented in
section 2 to develop several hydrologic relationships. The
relationships estimated are (1) the instantaneous rainfall
excess, (2) the storm‐averaged watershed rainfall excess,
(3) the ratio of instantaneous rainfall excess, (4) the ratio of
storm‐averaged watershed rainfall excess, and (5) the mean
and variance of the watershed runoff time. The ratio in
measures 3 and 4 is the runoff from the pervious‐impervious
land use to the runoff assuming a fully pervious land use.
The estimation of these five relationships is presented in
sections 4.1–4.5 based on the data for the NW Branch
watershed.

4.1. Instantaneous Rainfall Excess

[13] To determine the instantaneous rainfall excess, Rxy(t),
we use the areal‐averaged value of equation (1) as follows:

Rx;yðtÞ ¼ 1

A

ZZ
A
Pðx; y; tÞW ðx; y; tÞ½1� Iðx; yÞ� dx dy

þ 1

A

ZZ
A
Pðx; y; tÞIðx; yÞ dx dy: ð17Þ

Using the separability assumption for P(x,y,t) and W(x,y,t)
defined in equations (2) and (5), respectively, letting W(x, y,
t)[1 − I(x, y)] be equal to a new variable W*(x,y,t), and by
taking out the time‐dependent terms from the integrals, we
find

Rx;yðtÞ ¼ Px;yðtÞW*
x;yðtÞ

1

A

ZZ
A
Ptðx; yÞW*

t ðx; yÞ dx dy

þ Px;yðtÞf 1A
ZZ

A
Ptðx; yÞItðx; yÞ dx dy; ð18Þ

where W* is the amount of runoff that can be generated on
the pervious portion of an individual grid cell with a mixed
land use. Using Cov(x,y)=E[xy] − E[x]E[y], and by noting
that the integrals in (18) can be interpreted as the expected
value of two random variables, equation (18) can be written
as follows:

Rx;yðtÞ ¼ Rx;yðtÞp þ Rx;yðtÞi; ð19Þ
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where

Rx;yðtÞp ¼ Px;yðtÞW*
x;yðtÞf1þ Cov½Ptðx; yÞ;W*

t ðx; yÞ�g ð20Þ

and

Rx;yðtÞi ¼ Px;yðtÞf f1þ Cov½Ptðx; yÞ; Itðx; yÞ�g; ð21Þ

because the areal integrals of Pt(x,y), Wt(x,y), and It(x,y) are
unity by the definitions given in section 2.1. The illustration
of equations (20) and (21) is shown in Figure 2. In Figure 2
the rainfall excess owing to pervious areas is larger than that
from impervious areas. Also, the value of Wx,y* (t) remains
nearly constant in Figure 2, indicating the time variations in
Rx,y(t) for pervious areas are due to the time variation in
rainfall, because we found Cov[Pt(x, y),Wt* (x, y)] to be
small, approximately −0.01. However, we found Cov[Pt(x,y),
It(x,y)] to be equal to −0.08, which is comparable, as a ref-
erence, to the areal reduction amount suggested for a 12
h storm over an 180 km2 watershed [National Weather
Service (NWS), 1961], suggesting that the interaction
between rainfall and the imperviousness pattern can have a
significant effect on the rainfall excess from impervious
areas. The impact of Cov[Pt(x,y),It(x,y)] on the generated
runoff from impervious areas is explored further in section 5.

4.2. Storm‐Averaged Watershed Rainfall Excess

[14] The storm‐averaged watershed rainfall excess is
estimated from equations (20) and (21) by integrating the
rainfall excess over the storm duration as follows [Woods
and Sivapalan, 1999]:

Rx;y;t ¼ 1

Ts

Z Ts

o
Rx;yðtÞ dt: ð22Þ

For pervious and impervious areas equations (20) and (21),
respectively, are substituted into (22), yielding the following
expression:

Rx;y;t ¼ 1

Ts

Z Ts

o
Px;yðtÞW*

x;yðtÞf1þ Cov½Ptðx; yÞ;W*
t ðx; yÞ�g dt

þ 1

Ts

Z Ts

o
Px;yðtÞIx;yðtÞf1þ Cov½Ptðx; yÞ; Itðx; yÞ�g dt: ð23Þ

The time‐independent terms can be taken out of the integrals
in (23). The terms Ts

−1R
o
TsPx,y(t)Wx,y* (t) dt and Ts

−1R
o
TsPx,y(t)

Ix,y(t) dt can both be interpreted as the expected value of two
random variables, and using the relationship between the
covariance and the expected value of two random variables,
the expression in (23) can be written as

Rx;y;t ¼ ðRx;y;tÞp þ ðRx;y;tÞi; ð24Þ

where

ðRx;y;tÞp ¼ f1þ Cov½Ptðx; yÞ;W*
t ðx; yÞ�gfPx;y;tW

*
x;y;t

þ Cov½Px;yðtÞ;W*
x;yðtÞ�g ð25Þ

and

ðRx;y;tÞi ¼ f1þ Cov½Ptðx; yÞ; Itðx; yÞ�gPx;y;t f : ð26Þ

Equations (25) and (26) are the averaged runoff generated
from pervious and impervious areas, respectively.
[15] The estimated value of the terms in (25) and (26) for

the main watershed in NW Branch is included in Table 1.
The storm‐averaged watershed rainfall excess for the per-
vious areas is approximately equal to 0.058 cm/h and for the
impervious areas 0.032 cm/h, which was expected since the
rainfall excess from pervious areas was larger than from
impervious areas as illustrated in Figure 2.

4.3. Instantaneous Ratio of Rainfall Excess

[16] Dividing equations (19) and (24) by the equivalent
relationship for fully pervious conditions, with I(x,y) = 0,
allows the evaluation of hydrologic responsiveness to
impervious area (e.g., following the examples of Carter
[1961] and Anderson [1970]). We use this to determine
the instantaneous ratio of rainfall excess as follows:

rðx; y; tÞ ¼ Pðx; y; tÞW*ðx; y; tÞ þ Pðx; y; tÞIðx; yÞ
Pðx; y; tÞW ðx; y; tÞ : ð27Þ

In equation (27), W(x,y,t) is the runoff generation function,
if we assume every cell is fully pervious. After some ma-
nipulations, for the instantaneous ratio of rainfall excess, we
obtain the following expression:

rx;yðtÞ ¼ rx;yðtÞp þ rx;yðtÞi; ð28Þ

where

rx;yðtÞp ¼
W*

x;yðtÞf1þ Cov½Ptðx; yÞ;W*
t ðx; yÞ�g

Wx;yðtÞf1þ Cov½Ptðx; yÞ;Wtðx; yÞ�g ð29Þ

and

rx;yðtÞi ¼
f f1þ Cov½Ptðx; yÞ; Itðx; yÞ�g

Wx;yðtÞf1þ Cov½Ptðx; yÞ;Wtðx; yÞ�g : ð30Þ

Wx,y(t) and Wt(x,y) are the equivalent of equations (6) and
(7) but assuming a fully pervious watershed. The numera-
tors in (29) and (30) are equal to Rx,y(t)p and Rx,y(t)i,
respectively. The denominators in both (29) and (30) are the
same and equal to Rx,y(t)fp, the subscript fp indicates the
value is for fully pervious conditions.

Table 1. Estimates of the Terms in Equations (29) and (30) for the
Overall Watershed

Terms in Equations (29) and (30) Value

Px,y,t (cm/h) 0.201
Wx,y,t* 0.293
Px,y,tWx,y,t* (cm/h) 0.0588
Px,y,t f (cm/h) 0.0351
Cov[Pt(x, y), Wt*(x, y)] −0.0102
Cov[Px,y(t), Wx,y* (t)] (cm/h) −1.15 × 10−4

Cov[Pt(x, y), It(x, y)] −0.0771
(Rx,y,t)p (cm/h) 0.0583
(Rx,y,t)i (cm/h) 0.0324
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[17] The estimation of equations (29) and (30) is shown in
Figure 3. The rainfall excess series for fully pervious con-
ditions decreases overall by approximately 25% when
compared to the mixed pervious‐impervious series. How-
ever, the ratio of rainfall excess decreases slightly for both
pervious and impervious conditions. This is the case here
because the pervious portions of the watershed are con-
tributing the most runoff and only a small amount of satu-
rated area is formed during the storm event. Notice that it is
possible for the change between mixed pervious‐impervious
and fully pervious conditions to vary with time; this change
is typically assumed constant during the storm [Anderson,

1970], suggesting that it is not necessarily representing the
most severe change.

4.4. Storm‐Averaged Ratio of Watershed Rainfall
Excess

[18] For the ratio of storm‐averaged rainfall excess, sim-
ilarly to the way equations (29) and (30) were obtained, we
start as follows:

rx;y;t ¼
T�1
s

R Ts
o Rx;yðtÞ dt

T�1
s

R Ts
o Rx;yðtÞfpdt

; ð31Þ

Figure 2. Illustration of the instantaneous rainfall excess, Rx,y(t), and the separated pervious and imper-
vious series, Rx,y(t)p and Rxy(t)i, respectively. The runoff generation function, Wx,y(t), and rainfall series,
Px,y(t), are also shown.

Figure 3. Illustration of the instantaneous ratio of rainfall excess for pervious and impervious areas, rx,
y(t)p and rx,y(t)i, respectively. The rainfall excess series for the pervious‐impervious and the fully pervious
land use conditions, Rx,y(t) and Rx,y(t)fp, respectively, are also shown.
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where Rx,y(t)fp is for a fully pervious watershed and Rx,y(t) is
for the mixed pervious‐impervious land use condition. After
substituting for the terms in the integrals and some manip-
ulations, we obtain

rx;y;t ¼ ðrx;y;tÞp þ ðrx;y;tÞi; ð32Þ

where

ðrx;y;tÞp

¼ f1þ Cov½Ptðx; yÞ;W*
t ðx; yÞ�gfPx;y;tW*

x;y;t þ Cov½Px;yðtÞ;W*
x;yðtÞ�g

fPx;y;tWx;y;t þ Cov½Px;yðtÞ;Wx;yðtÞ�gf½1þ Cov½Ptðx; yÞ;Wtðx; yÞ�g

and

ðrx;y;tÞi
¼ f1þ Cov½Ptðx; yÞ; Itðx; yÞ�gfPx;y;t f g

fPx;y;tWx;y;t þ Cov½Px;yðtÞ;Wx;yðtÞ�gf½1þ Cov½Ptðx; yÞ;Wtðx; yÞ�g :

ð34Þ

The numerators in (33) and (34) are equal to (Rx,y,t)p and
(Rx,y,t)i, respectively. The denominators are the storm‐
averaged value when the watershed is fully pervious, and the
value is the same for (33) and (34).
[19] The estimate for the new terms in equations (33) and

(34) is included in Table 2; the other terms are included in
Table 1. In Table 2, the value of rx,y,t for the pervious areas
is 0.855 instead of 1, because for the fully pervious condi-
tion some of the cells that had a fraction of impervious cover
in the mixed land use condition are now fully saturated. This
suggests that when impervious cover is located in areas
prone to soil saturation, the generated runoff can remain
approximately the same for fully pervious or mixed land use
conditions. This condition can also indicate locations where
runoff from imperviousness might be mitigated. For exam-
ple, Naef et al. [2002] used similar information, together
with field observations, to map different runoff mechanisms
and showed how these can help manage land use changes.
The sum of (rx,y,t)p and (rx,y,t)i is equal to 1.33, accounting
for the impervious cells in the soil saturated areas and
indicating that 36% of 1.33 is due to the impervious cover.
The estimate is slightly larger than the 33% that would
likely be assumed if saturated areas were not considered.
This means that, if one does not account for the coincidence
between imperviousness and soil saturated areas, it is pos-
sible for the increase in runoff from impervious areas to be
underestimated.

4.5. Mean and Variance of the Runoff Time

[20] To estimate the mean and variance of the runoff time
we assume the runoff time can be separated into two suc-
cessive stages, each characterized by a holding time con-
sidered to be an independent random variable. The same
holding time assumption was made by Woods and
Sivapalan [1999] and Rodríguez‐Iturbe and Valdés
[1979]. The first stage is the time it takes for runoff to be
produced, including the waiting time for rain to fall, and the
second stage is the combined hillslope and channel routing
times or the time for runoff to reach the outlet after its
generation. The total time for water to reach the outlet, To, is
expressed as

To ¼ Tr þ Tb; ð35Þ

where Tr is the holding time for rainfall excess and Tb is that
for the hillslope and channel routing. Assuming the terms in
(35) are independent random variables, the mean and vari-
ance of To are equal to the sum of the mean and variance of
the individual terms, as follows:

E½To� ¼ E½Tr� þ E½Tb�; ð36Þ

The term E[Tb] is estimated using (13) and (14). To deter-
mine E[Tr], we assume the distribution of Tr, fTr

is defined as
follows [Woods and Sivapalan, 1999]:

fTr ðtÞ ¼
Rx;yðtÞR Ts

o Rx;yðtÞ dt
; ð37Þ

such that

E½Tr� ¼
Z Ts

0
tfTr ðtÞ dt: ð38Þ

After (19) is substituted into (37) and some manipulations,
we arrive at the following result:

E½Tr� ¼ E½Tr�p þ E½Tr�i; ð39Þ

where

E½Tr�p ¼ f1þ Cov½Ptðx; yÞ;W*
t ðx; yÞ�g

� fE½T �E½Px;yðTÞW*
x;yðTÞ� þ Cov½T ;Px;yðTÞW*

x;yðTÞ�g
Rx;y;t

ð40Þ

and

E½Tr�i ¼ f1þ Cov½Ptðx; yÞItðx; yÞ�g

� fE½T �E½Px;yðTÞf � þ Cov½T ;Px;yðTÞf �g
Rx;y;t

: ð41Þ

The terms in (40) and (41) were defined earlier with the
exception of the random variable T. We assume T is the time
during the storm and that it is uniformly distributed between
0 and the total duration of the storm, Ts [Woods and
Sivapalan, 1999]. For example, in this case E[T] is 5.5
because the storm lasts 11 h.

Table 2. Estimates of the Terms in Equations (37) and (38) for the
Overall Watershed

Terms in Equations (37) and (38) Value

Wx,y,t 0.34
Px,y,tWx,y,t (cm/h) 0.0684
Cov[Px,y(t), Wx,y* (t)] (cm/h) −2.04 × 10−4

Cov[Pt(x, y), It(x, y)] −0.0771
(rx,y,t)p 0.855
(rx,y,t)i 0.476
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[21] Similarly for the variance of the runoff time,
assuming Tr and Tb to be independent, we have

VarðToÞ ¼ VarðTrÞ þ VarðTbÞ; ð42Þ

where Var(Tb) can be estimated using (14) and (15). To
determine Var(Tr), we use

VarðTrÞ ¼ E½T 2
r � � E½Tr�2; ð43Þ

together with (40) and (41). The second term in (43), E[Tr]
2,

is obtained by taking the square of (39). The term E[Tr
2] is

obtained by substituting t2 into (38). After performing some
additional substitutions and manipulations, we obtain the
following expressions for E[Tr

2]:

E½T 2
r �p ¼ f1þ Cov½Ptðx; yÞ;W*

t ðx; yÞ�g

� fE½T 2�E½Px;yðTÞW*
x;yðTÞ� þ Cov½T2;Px;yðTÞW*

x;tðTÞ�g
Rx;y;t

;

ð44Þ

E½T 2
r �i ¼ f1þ Cov½Ptðx; yÞ; Itðx; yÞ�g

� fE½T 2�E½Px;yðTÞf � þ Cov½T2;Px;yðTÞf �g
Rx;y;t

: ð45Þ

[22] Ultimately, Var(Tr) is estimated by substituting (40),
(41), (44), and (45) into the following relationship, which is
another way of expressing (43):

VarðTrÞ ¼ fE½T 2
r �p þ E½Tr�2pg þ fE½T2

r �i þ E½Tr�2i g þ 2E½Tr�pE½Tr�i:
ð46Þ

To separate Var(Tr) into pervious and impervious con-
tributions, we use

VarðTrÞp ¼ fE½T2
r �p þ E½Tr�2pg þ E½Tr�pE½Tr�i ð47Þ

and

VarðTrÞi ¼ fE½T 2
r �i þ E½Tr�2i g þ E½Tr�pE½Tr�i; ð48Þ

where Var(Tr) = Var(Tr)p + Var(Tr)i. Equations (47) and
(48), in addition to the variance of Tb, are useful because
they can quantify the relative contributions from pervious
and impervious areas to the hydrograph duration. Addi-
tionally, Rx,y,t and the variance together can be used as a
measure of peakedness, where a large Rx,y,t and a small
variance would indicate a larger peakedness. The mean
runoff time is comparable to a time of concentration, so
separating the mean time into pervious and impervious
contributions provides a measure of their relative impacts on
the time of concentration.
[23] Figure 4a illustrates the estimation of E[Tr] and E[Tb]

for both pervious and impervious areas for a range of
watershed sizes. The figure shows that pervious areas have a
larger mean runoff time than impervious areas and therefore
contribute the most to the total mean runoff time. The figure
can also help identify the importance of different processes
in the runoff time. It shows for the pervious areas how the
influence of runoff generation on the mean travel time and

variance decreases as the watershed size increases while the
routing time becomes more dominant. This ability to dis-
tinguish between the contribution of different processes and
between pervious and impervious areas is precisely the goal
behind the proposed method. For example, for watershed
sizes greater than approximately 64 km2, E[Tb]p becomes
larger than E[Tr]p. To interpret, this means that for locations
within the NW Branch watershed with drainage areas
greater than 64 km2 the routing process is the dominant
process. Similarly, in Figure 4b, the variance of pervious
areas, Var(Tr)p and Var(Tb)p, contribute the most and the
importance of processes can vary across the different
watershed sizes.

5. Space‐Time Relationships for Different
Scenarios

[24] We use the relationships obtained in section 4 to
examine the impacts from different rainfall and impervi-
ousness scenarios. We first investigate the relationship
between the rainfall pattern and imperviousness. We then
use different imperviousness scenarios to find how these
affect runoff and routing processes.

5.1. Imperviousness and the Space‐Time Rainfall
Pattern

[25] Because the spatial pattern of rainfall is an important
source of space‐time variability in urbanized watersheds
[Segond et al., 2007], we would like to understand its effects
on the proposed relationships. For this comparison we
selected three different patterns of rainfall. We used the
observed pattern shown in Figure 1a, which is referred to as
the actual pattern. The actual pattern has the salient char-
acteristic that most of the rainfall falls on the upstream
portion of the watershed, which is also the most pervious
section. We inverted the pattern in Figure 1a to have most of
the rain fall on the downstream portion of the watershed,
where imperviousness is concentrated; this pattern is
referred to as the inverted pattern. The inversion was simply
done by flipping the actual data along the horizontal and
vertical axes passing through the geometric centroid of the
watershed. We assumed the third pattern to be equal to the
areal average of the actual spatial rainfall pattern; this pat-
tern is referred to as the uniform pattern.
[26] The three rainfall patterns examined indicated that

the spatial covariance terms can vary with watershed size
and with the form of the spatial rainfall pattern. For exam-
ple, the term Cov[Pt(x,y),It(x,y)] was found to vary consid-
erably as a function of watershed scale. The changes in Cov
[Pt(x,y),It(x,y)] are illustrated in Figure 5. In Figure 5a the
actual rainfall pattern produces a Cov[Pt(x,y),It(x,y)] that
changes with watershed size and can reach a minimum value
of approximately −0.08. Figure 5b shows that when the
rainfall is inverted the Cov[Pt(x,y),It(x,y)] varies with
watershed size and has instead a positive value, the largest
value being approximately 0.05. The significance of these
magnitudes can be understood by their role in equation (21).
In essence, the values of −0.08 and 0.05 mean the runoff
from impervious areas is decreased by 8% or increased by
5% depending on whether the spatial pattern of rainfall
coincides with the imperviousness pattern. Obviously when
rainfall is assumed uniform this covariance becomes
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essentially zero. The term Cov[Pt(x,y),Wt(x,y)] was found to
be negligible for all the rainfall patterns examined and
across the entire range of watershed sizes. This means the
rainfall and runoff generation pattern are not acting together

in this case to increase or decrease the amount of rainfall
excess. A similar finding was reported by Woods and
Sivapalan [1999] for a nonurbanized watershed.

Figure 5. Illustration of the values of Cov[Px,y(t),Wx,y(t)], Cov[Pt(x,y),Wt(x,y)], and Cov[Pt(x,y),It(x,y)]
for a range of watershed sizes and (a) the actual rainfall and (b) the inverted pattern. The values of
Cov[Pt(x,y),Wt(x,y)] have been offset by 0.1 for clarity.

Figure 4. Estimation of the mean runoff time and variance for a range of watershed sizes: (a) mean run-
off time for the holding time of the rainfall excess, E[Tr], and routing travel time, E[Tb]; (b) variance of
the runoff time induced by the rainfall excess, Var(Tr), and routing, Var(Tb). The estimates of the mean
and variance of the runoff time are separated into pervious and impervious contributions.
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5.2. Imperviousness Scenarios

[27] We also varied the imperviousness pattern to exam-
ine its effect on the relationships in section 4. To obtain
different imperviousness patterns we used a similar
approach to the one by Mejía and Moglen [2009]. The
approach allows the simulation of distinct imperviousness
scenarios. These scenarios are illustrated in Figure 6 and
they represent extreme ways of organizing imperviousness
within the watershed. The patterns in Figure 6a, 6b, 6c, and
6d are referred to as current, channel clustering, source
clustering, and random, respectively. The patterns keep the
amount of total imperviousness relative to the main outlet
the same; only the spatial distribution is varied. The current
pattern represents actual land use conditions. In the channel
clustering pattern, imperviousness is organized along the
main channel and this tends to reduce peak flows along the
entire stream network as shown by Mejía and Moglen
[2009]. The source clustering pattern clusters development
around source streams, which tends to increase peak flows
along the entire network [Mejía and Moglen, 2009]. The
random pattern represents an extreme form of sprawl where
development is randomly distributed across the overall
watershed area. These simulated patterns mimic some of the
main regularities in observed imperviousness within water-
sheds [Poff et al., 2006]. Poff et al. [2006] found, for

example, that in the southwestern United States urbanization
tends to be more prevalent on the valley floors and flood-
plains (like the channel clustering pattern), whereas in the
southeast, urbanization is more common on headwater wa-
tersheds and around low‐order streams (as in the source
clustering pattern).
[28] An important effect of the imperviousness scenarios

examined was to change the magnitude and sign of Cov
[Pt(x,y),It(x,y)] across watershed sizes, suggesting a depen-
dence between the form of the imperviousness pattern and
the spatial distribution of rainfall. These changes are illus-
trated in Figure 7. In Figure 7, for the storm event consid-
ered, the current scenario produced the largest changes in
the magnitude of Cov[Pt(x,y),It(x,y)]. The sign of Cov[Pt(x,
y),It(x,y)] for the current and channel clustering scenarios
tended to be negative for the larger watershed sizes while
this term was positive for the source clustering. As expected,
in the random scenario, Cov[Pt(x,y),It(x,y)] is approximately
zero for all watershed sizes. Thus, the results in Figure 7
show how the importance of the spatial pattern of rainfall
can vary depending on the overall imperviousness pattern.
This may be useful for deciding in suburban watersheds
when to use spatially distributed rainfall in hydrologic
modeling.
[29] We also used the relationships in section 4 to esti-

mate the peakedness of a hydrograph. The peakedness in
this case is expressed as the ratio of Rx,y,t and Var(To). A
lower value of this ratio indicates low peakedness and the
opposite for a higher value because a lower value of Rx,y,t,
the storm runoff, and a larger variance, as a surrogate for the
hydrograph duration, would indicate a wider and flatter
hydrograph shape. Figure 8 shows the peakedness estimates
for the four imperviousness scenarios. The peakedness in
Figure 8 was separated into pervious and impervious con-
tributions as a way to quantify the relative importance of the
mixed land use conditions on the hydrologic response. The
separation was done by using (Rx,y,t)p, equation (25), and
(Rx,y,t)i, equation (26), divided by the total variance, Var(To).
The total peakedness (i.e., the sum of the pervious and
impervious peakedness) is also plotted in Figure 8. In Figure 8,
the main difference in the peakedness of the scenarios appears
to be the magnitude of the peakedness. For example, the
source clustering scenario in Figure 8c tends to have higher
total peakedness than the channel clustering scenario shown
in Figure 8b. This observation is more accentuated for the
smaller watershed sizes. Also notice the pervious areas
contribute the most to the peakedness across the range of
watershed sizes and for all four patterns. Normally, peak
flows in urbanized watersheds are understood as being
dominated by the urban runoff [Andrieu and Chocat, 2004],
but in the mixed pervious‐impervious land use conditions of
suburban watersheds this might not be the case as illustrated
in Figure 8.
[30] If the peakedness is instead estimated relative to the

pervious and impervious values of both Rx,y,t and Var(To),
(Rx,y,t)p/Var(To)p or (Rx,y,t)i/Var(To)i, other distinctions
between the peakedness of the scenarios emerge. These
distinctions are illustrated in Figure 9. The main distinction
is that the pervious and impervious contributions for the
random and source clustering scenarios seem to be equally
strong, but in the current and channel clustering scenarios
the peakedness from impervious areas is more dominant
despite the fact that over the entire watershed the pervious

Figure 6. Imperviousness scenarios: (a) actual, (b) channel
clustering, (c) source clustering, and (d) random pattern. The
scenarios keep the amount of total imperviousness relative
to the main outlet the same; only the spatial distribution is
varied.
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areas are contributing 44% more storm runoff than imper-
vious areas. Interestingly, the current scenario had lower
total peakedness in Figure 8, but now the peakedness owing
to imperviousness, as shown in Figure 9, is clearly larger
than the pervious one. The reason for the dominance of the
imperviousness peakedness for the current and channel
clustering scenarios in Figure 9 is because these scenarios
place imperviousness in locations that are, for this case,
prone to soil saturation near the stream channels. This
causes a switching of runoff production to impervious areas
rather than pervious ones, which has the beneficial conse-
quence of limiting the total amount of runoff, when com-
pared to the total amount of runoff that would be produced if
the impervious areas were away from the soil saturated areas.
But this can also cause imperviousness to play a larger role on
hydrograph variability. The increased role of imperviousness
on the peakedness and the proximity to the stream channels
can indicate larger disturbances to the flow regime, or greater
efficiency in transporting pollutants [Zhu et al., 2008]. Thus,
the estimated peakedness can be used to distinguish some of
the impacts from imperviousness on streamflows that could
be difficult to quantify using other measures.

6. Summary

[31] An analytical method was proposed that relates the
spatial distribution of imperviousness in a suburban water-
shed to the space‐time variability of rainfall, runoff gener-
ation, and routing. The objective was to separate the pervious

and impervious contributions to the different processes and
at the same time account for space‐time variability. The
method is built on an earlier theoretical framework proposed
by Woods and Sivapalan [1999]. The separation into per-
vious and impervious contributions was achieved by account-
ing explicitly for the location of pervious and impervious
areas within the watershed. The method was used to obtain
various hydrologic relationships and the estimation of the
relationships was illustrated with data and conditions for a
suburban watershed in the Maryland Piedmont region.
Furthermore, the method and derived relationships were
used to investigate several scenarios with emphasis placed
on the imperviousness pattern.
[32] Our application in the Maryland Piedmont indicated

the spatial pattern of runoff generation and rainfall have a
negligible relationship during wet conditions, when the
runoff pattern from excess saturation is most prevalent. We
found the relationship between rainfall and the impervi-
ousness pattern can be important and can vary depending on
the spatial pattern of both rainfall and imperviousness. The
relationship was quantified using the covariance between
the rainfall and imperviousness pattern. This covariance
suggested that when most of the rain falls on a highly
urbanized section of the watershed the imperviousness be-
comes more important. The variance of the hydrologic
response and the amount of runoff were used to quantify the
pervious and impervious contributions to the peakedness of
the hydrograph. This analysis indicated that in suburban
watersheds with mixed land use conditions the peakedness

Figure 7. Illustration of the changes in Cov[Pt(x,y),It(x,y)] for a range of watershed sizes, and the
(a) actual, (b) channel clustering, (c) source clustering, and (d) random imperviousness scenarios.
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owing to pervious areas can be greater than that of imper-
vious areas for a range of watershed sizes. It also suggested
that in some cases (e.g., the channel clustering impervi-
ousness scenario), even if the amount of runoff from per-
vious areas is larger, the impervious contribution can have a
larger impact than the pervious contribution on the
peakedness depending on the overall distribution of imper-
viousness and the relationship chosen to quantify the
peakedness.
[33] The proposed method can be used as an assessment

of the importance of various hydrologic processes and

sources of space‐time variation in a suburban watershed.
This could be useful when deciding the level of model
complexity or the model components needed to simulate the
response of a suburban watershed. The method can also be
useful to study how changes in forcing or watershed con-
ditions (e.g., rainfall or land use) may affect runoff or the
hydrologic response. Because the method allows the deter-
mination of analytical relationships in terms of the different
space‐time variations in rainfall, runoff, and routing, it can
be implemented in a straightforward manner without the
necessity of detailed modeling.

Figure 9. Peakedness for the (a) actual, (b) channel clustering, (c) source clustering, and (d) random
imperviousness scenarios. The peakedness of pervious and impervious contributions were estimated using
(Rx,y,t)p/Var(To)p and (Rx,y,t)i/Var(To)i, respectively.

Figure 8. Peakedness for the (a) actual, (b) channel clustering, (c) source clustering, and (d) random
imperviousness scenarios. The total peakedness was determined as the ratio of Rx,y,t to the total Var(To).
The pervious and impervious contributions were estimated using (Rx,y,t)p/Var(To) and (Rx,y,t)i/Var(To),
respectively.
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